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Abstract 

We study the Yamabe invariants of cylindrical manifolds and com- 
pact orbifolds with a finite number of singularities, by means of con- 
formal geometry and the Atiyah-Patodi-Singer L 2 -index theory. For an 
n-orbifold M with singularities Er = {(pi, Fi), . . . , (p s , T 3 )} (where each 
group Tj < 0(n) is of finite order), we define and study the orbifold 
Yamabe invariant Y° rh (M). We prove that Y orb (M) coincides with the 
corresponding h- cylindrical Yamabe invariant Y h ~ cyl (M \ {pi, . . . ,p s }) 
defined by the authors 0, where h = hv^ is the standard metric on the 
slice S ln_1 /Fj of each end with infinity pj. Using this, we show that 
Y orb (M) is bounded by Y(S n )/d from above, where d = max; |r,-|n. 
For a cylindrical 4-manifold X with a general slice metric h on the end, 
we also establish a method for estimating the /i-cylindrical Yamabe in- 
variant Y h ~ cyi (X) from above, in terms of the geometry and topology 
of X. We conclude by an explicit estimate of Y h ~ cye (X) for particular 
cylindrical 4-manifolds X, including that of Y° vb (M) for 4-orbifolds M. 

1 Introduction 

In this paper, we study the Yamabe invariant of compact orbifolds with a finite 
number of singularities (i.e., the orbifold Yamabe invariant) and its relationship 
to the Yamabe invariant of cylindrical manifolds (i.e., the cylindrical Yamabe 
invariant). In the 4-dimensional case, we also establish a method for estimating 
the cylindrical Yamabe invariant (including the orbifold Yamabe invariant) 
from above, by means of conformal geometry and the Atiyah-Patodi-Singer 
L 2 -index theory. 

IDl. The orbifold Yamabe invariant. First, we define the Yamabe in- 
variant of such orbifolds, that is, the orbifold Yamabe invariant, and then 
we study some fundamental properties on the orbifold Yamabe invariant. An 
orbifold M under consideration here is a relatively compact smooth mani- 
fold outside of a finite number of singular points pi, . . . ,p s € M, and near 
each point pj it is locally homeomorphic to the orbit space H n /Tj, where 
Tj(< 0(n)) is a finite group acting freely on R" \ {0}. We use the notation 
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E r = {(fe,ri),...,(|5„r,)} and E = {pi,..., p.}, T = {r 1( ...,r,} for the 
singularities of M. Throught this paper, we assume that dimM = n > 3. 

There are natural orbifold Riemannian metrics compatible with the orb- 
ifold structure. We denote the space of such metrics by 7£iem orb (M) . Let R g , 
da g and Vol s (M) denote respectively the scalar curvature, the volume form 
and the volume corresponding to g £ lZiem° rh (M). To start with, we note 
that the (normalized) Einstein-Hilbert functional 



I : Kiem° lh (M) -> R, where g i-> 



I M R 9 d(J 9 



V0lg(M) — 

has exactly the same property as in the case of compact manifolds: the set 
of critical points Crit(/) coincides with the space of orbifold Einstein metrics 
(see Proposition 12. 

We also observe that the functional I restricted on each orbifold conformal 
class [g] rb S C mh (M) has the same basic properties as in the case of compact 
manifolds (cf. [Hj), where C orb (M) denotes the space of orbifold conformal 
classes on M. This leads us to the definitions of the orbifold Yamabe constant 
Yj g ] orb (M) and the orbifold Yamabe invariant Y m ' h (M) respectively: 

Y [g]o JM):= inf 1(g), Y°* b (M) := sup Y C (M). 

seisjorb cec° ih (M) 

^2. The orbifold and the cylindrical Yamabe invariants. Next, we 
study the relationship between the oribifold Yamabe invariant and the cor- 
responding /i-cylindrical Yamabe invariant. Consider, for simplicity, the case 
when a compact orbifold M has only one singularity Er = {(p,T)}. We observe 
that, in the category of smooth manifolds, the open manifold X :— M \ {p} 
could be considered as the underlying smooth manifold of a cylindrical mani- 
fold (X,g) with the cylindrical end ((S'™ _1 /r) x [l,oo),g = hr +dt 2 ), where 
(S'™ _1 /r, hr) is the corresponding spherical space form equipped with the stan- 
dard metric hr of constant curvature one. As an object in the category of 
Riemannian manifolds, the orbifold M equipped with an orbifold metric g is 
quite different from the cylindrical manifold (X, g) . Even from the viewpoint 
of conformal geometry, there is no "cylindrical metric" within the conformal 
class [g], in general. However, the following holds fTheorem l2.9|) . 

Theorem A. Let M be a compact orbifold with one singularity Er = {(p, F)}. 
Then Y olb (M) = Y hr - c y e (M\{p}). Here, Y h ^ c T t (X) denotes the h r - cylindrical 
Yamabe invariant of X (see Section 2.6 or Section 2] for the dehnition of 
Y hr - cyi (X)). 

Using this, we prove the following estimate of the orbifold Yamabe invariant 
(Corollary EE) . 

Theorem B. Let M be a compact orbifold of dim M = n > 3 with singularities 
s r = {(Pl,Ti), ■ ■ ■ , (p a ,r a )}. Then 

Y°* h (M) = Y h --^(M\{p u . . . ,p s }) < mm 

i<j<s r,- " 
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where hr = hr, on the slice S n 1 /Tj of each end (S n 1 /Tj) x [1, oo), and \Tj\ 
denotes the order of Tj . 

^3. Harmonic spinors on cylindrical 4-manifolds. Our main goal is 
to obtain an estimate of the /i-cylindrical Yamabe invariant for a general slice 
metric h and, via Theorem A, the orbifold Yamabe invariant, by means of the 
Atiyah-Patodi-Singer L 2 -index theory for cylindrical 4-manifolds. Indeed, in 
Section 3, we will give some estimates for the /j-cylindrical Yamabe invariant 
from above, which can be regarded as a natural generalization of those for the 
Yamabe invariant obtained in Gursky-LeBrun 14 . 

Let (X, g) be a cylindrical 4-manifold modeled by (Z, h) for a metric h on 
the slice Z. It means that on the end Z x [1, oo), the metric g(z, t) = h(z)+dt 2 
is cylindrical with respect to a product coordinate system (z,t). Then we use 
the notation that <9ooS = h. Now, we assume that there exists a spin c -structure 
on (X, g) given by an element 

a E H 2 {X; Z) n Im [H 2 (X; R) -> H 2 (X; R)] 

which is not a torsion class, where ff 2 (Y;R) denotes the second cohomology 
with compact support. Let L — > X be the C-line bundle with ci(L) = a 
and with the restriction L|^ x n i0o ) being "cylindrical". Similarly to the case 
of compact manifolds, there exists a unique L 2 -harmonic form £ € 7i|(Y) 
representing the cohomology class a. Note that the form £ does not have 
compact support unless a = € H 2 (X;H). However, there exists a sequence 
{Cj}JLi °f closed 2-forms with compact support such that [Q] = a and Q — > £ 
in an appropriate topology. We choose [/(l)-connections Aj (with compact 

support) on L — * X such that a^-F/L = zn^dAj = Q. Then, for each j, the 
associated twisted Dirac operator 

0a 3 = ^:r(S+(a))->r(Sc(a)) 

is denned, where S c (a) := (8 L 1 / 2 stands for the plus/minus spin bundle 
associated to L. Note that the L 2 -index of 0a 6 is independent of j. We denote 
by b^iX) the total dimension of the negative eigenspaces of the intersection 
form on ff 2 (Y;R). The following is the main result of Section [3] (Theorem 

Theorem C. Let (X,g) be a cylindrical 4-manifold modeled by (Z,h) with 
b^iX) — 0. Assume that the L 2 -index of /Da* is positive. Then 

Y h-cyi {x) < min | 47r ^ Yg dt2] (Z X R)} . 

The proof of Theorem C is subtle. We modify the argument due to Gursky- 
LeBrun |14j , involving the Bochner technique and a generalization of the mod- 
ified scalar curvature to the case of noncompact manifolds. One of the difficul- 
ties in the proof is the following: It turns out that a suitable conformal metric 
g = u 2 ■ g (where u S L^ 2 (X)) for this argument never provides a complete 
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metric on X (see Lemmas 13.21 13.41 and the estimate <|3.7[1 in Section 121 . The 
main technical difficulty arises from this point. In order to overcome the dif- 
ficulty, we have to estimate, for instance, the function u _1 |<iit|g uniformly on 
the cylindrical end Z x [l,oo) (see Lemma \'A. I It . 

We remark that the Hodge theorem and the Atiyah-Singer index theo- 
rem still hold for compact orbifolds (under some modifications) (cf. [T^l, 
Hence, if one considers only compact 4-orbifolds and their orbifold Yamabe in- 
variants, the arguments for the estimate are more direct with the aid of these 
theorems. However, we establish here an estimate of the cylindrical Yamabe 
invariant for cylindrical 4-manifolds modeled by general compact Riemannian 
3-manifolds. Moreover, the combination of conformal geometry and analysis 
on cylindrical manifolds is of independent value and leads to new interesting 
results (cf. [5], 0]). Therefore, we rather deal with conformal geometry 
and analysis on cylindrical manifolds by means of the F 2 -Hodge theory and 
the Atiyah-Patodi-Singer L 2 -index theory. 

^4. Examples. Here we present particular cylindrical 4-manifolds Xe defined 
as follows. Let L — > CP 1 be the anti-canonical C-line bundle over CP 1 , and 
L ( := L® e -> CP 1 for I > 1. Then, let X e denote the total space of the bundle 
Li — » CP 1 , which will be naturally the underlying smooth open manifold 
(with a connected tame end) of a cylindrical manifold. For any cylindrical 
metric g on Xe, the cylindrical end of Xg is reprented by ((S 3 /Ti) x [1, oo), h + 
dt 2 ) with a metric h on S 3 /Ti, where F^ := Z/^Z. Note that the one-point 
compactification Me :— Xe U {poo} of has a natural orbifold structure with 
one singularity Sr = {(poo,Ff)}. The main result of Section0]is the following 
estimate ( Theorem 14. 1J) : 

Theorem D. With the above understood, let lZiem + (S 3 /T e) denote the space 
of metrics of positive scalar curvature on S 3 /Ti. 

(1) For £ > 1 and any metric h S lZiem + (S 3 /Ti) homotopic to /ir f hi 



(2) For any metric h S TZiem(S 3 /Te) which is sufficiently C 2 -close to hr t , 



^5. The plan of the paper. In Section|21 we define and study the orbifold 
Yamabe constant/invariant and prove Theorems A and B (Theorem 12.91 and 
Corollary I2.1(J[) . In Section [31 we define and study the modified scalar cur- 
vature. Then we review the necessary part of the F 2 -index theory and prove 



^iem+(S" 3 /r^), 





In particular, < Y orb (M £ ) = Y hv i 




tt for £ > 2. 
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Theorem C fTheorem I3.8|l . Section 0] is devoted to the above examples and 
Theorem D fTheorem 14. 

^6. Acknowledgements. Both authors are grateful to Harish Seshadri 
for interesting discussions. The first author is grateful to the Department of 
Mathematics at the University of Oregon for kind hospitality. The first author 
also would like to thank Tosiaki Kori and Mikio Furuta for useful comments on 
eta invariants and the Atiyah-Singer index theorem over orbifolds, respectively. 

2 Orbifold Yamabe const ants /invariants 

[2Jl. Orbifolds with a finite number of singularities: definitions. There 
are several different approaches to and definitions of orbifolds (cf. |2H], El)- 
Since we work here with orbifolds of a particular type, i.e., with only a finite 
number of singularities, we give suitable definitions (cf. (23)- We assume here 
that a finite group T of the n-dimensional orthogonal group 0(n) inherits the 
standard 0(n)-action on R™. We always assume that n > 3. 

First we define orbifolds with a finite number of singularities as an object 
in smooth category. 

Definition 2.1 Let M be a locally compact Hausdorff space. We say that M 
is an n-dimensional orbifold with singularities 

Sr = {(pi,r x ), . . . , (p s ,r s )} 

if the following conditions are satisfied: 

(1) E = {pi, . . . ,p s } C M, and M \ E is a smooth manifold of dimension n. 

(2) T = {Ti, . . . ,T S } is the collection of subgroups Tj of 0{n). Each group 
Tj (J = 1, . . . , s) is a nontrivial finite subgroup of O(n) acting freely on 
R n \ {0}. 

(3) For each j (J = 1, . . . , s), there exist an open neighborhood Uj of pj and 
a homeomorphism ipj : Uj — >• B r .(0)/rj for some Tj > such that the 
restriction^ : Uj\{pj} — > (B T ^ (0)/Tj) \ {0} is a diffeomorphism. Here 

Br,(0) = {x = {x\...,X n ) eR n I \x\<Tj}. 

We refer to the pair (pj,Tj) as a singular point with the structure group Tj 
and the pair (Uj,ipj) as a local uniformization. Let nj : B T . (0) — > H Tj (0)/Tj 
denote the canonical projection. 

Definition 2.2 Let Uj be an open neighborhood of pj and (fij : Uj — > Bf^ (0) /Tj 
a homeomorphism (for some fj > 0). We call the pair (Uj,(pj) a compatible 
local uniformization of (pj,Tj) if the following conditions are satisfied: 

(1) The restriction tfj : Uj \ {pj} — ► (B^. (0) \ {0})/rj is a diffeomorphism. 
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(2) There exists a r^-equi variant diffeomorphism <5j : Bf^ (0) — ► By. (0) for 
some < fj < Tj (possibly not onto) such that 



where Xj : B^. (0) — » B.f. (0)/Tj denotes also the canonical projection. 

To simplify the presentation, we assume, without particular mention, that an 
orbifold M has only one singularity, i.e., Er = {(p, L)}. Let ip : U — > B T (0)/r 
be a local uniformization and 7r : B r (0) — » B r (0)/r the canonical projection. 
We also always assume that M is compact. Now we give the definition of 
orbifold metrics. 

Definition 2.3 A Riemannian metric g £ lZiem(M\ {p}) is an orbifold metric 
if there exists a L-invariant smooth metric g on the disk B T (0) such that 
(^- 1 o 7 r)*. g = gonB r (0)\{0}. 

We denote by fciem orb (M) the space of all orbifold metrics on M. 

Remark 2.1 We note that if g € ^iem orb (M), then R s E C°°(B T (0)), and 
hence the scalar curvature R g extends to a continuous function on M. □ 

In the case when Er = {(pi,Ti), . . . ,(p s ,T s )}, the space 7?.iem orb (M) of orb- 
ifold metrics is defined similarly. 

[2j2. Einstein orbifold metrics. Let M be a compact orbifold with a sin- 
gularity Er = {(p, T)}. Consider the (normalized) Einstein- Hilbert functional 



As in the case of smooth compact manifolds, we have the following fundamental 
result since the Stokes formula and the divergence theorem still hold over 
orbifolds. 

Proposition 2.1 The set of critical points of I : 7?.iem orb (M) — ■> R coincides 
with the set of Einstein orbifold metrics on M. 

[5J3. Orbifold conformal classes. We say that two orbifold metrics g,g £ 
7?.iem orb (M) are pointwise conformal if there exists a function / £ C°(M) (1 
C°°(M \{p}) such that 



fijofy on B fj (0)\{0} 



I : 7?iem orb (M) — > R, g^ 




Vol 9 (M)^ 



—2 



( g = e 2f ■ g on M \ {p} , 
\ (cp- l on)*f£C°°(B T (0)). 



Here we used the composition of the maps B T (0) — > B r (0)/L — > U 
Then we define an orbifold conformal class of g as follows: 



R. 




} 



K. Akutagawa, B. Botvinnik 



7 



Let C orh (M) denote the space of all orbifold conformal classes. The proofs of 
the following two lemmas are similar to the case of smooth compact manifolds 
(see 0HH1). 

Lemma 2.2 Let g G 7?iem orb (M) be a metric satisfying one of the following 
conditions: R g > 0, R g = or R g < everywhere on M . Then for another 
such metric g € [<?]orb; the sign of Rg is identical with the sign of R g . 

Lemma 2.3 Let g S 7?.iem orb (M) be a metric with R g = const. < 0. Then 
for any metric g € [g]orb with R g = const., there exists a constant k > such 
that g = k ■ g. 

An orbifold M is called good if its universal cover M is a smooth manifold 
(cf. [T7|). Let 7T : M — ► M be the projection. 

Proposition 2.4 Let g 6 TZiem (M) be an Einstein metric with R g = 
const. > 0. Then any metric g € [g]orb with R g = const, is also Einstein. 
Furthermore, if M is a good orbifold, then g — k- g for a constant k > unless 
(M,ir*g) is isometric to (S n ,gs), where gs € RAem(S n ) denotes the standard 
metric of constant curvature one. 

Proof. The first statement follows directly from the proof of Proposition 1.4 in 
PU) combined with the divergence theorem for orbifolds (see also ^1 Section 

Now assume that the universal cover M is a smooth manifold. Let 7r : 
M — ► M denote the projection. Let g — u"^ 1 ■ g be an orbifold metric with 
R g = const, on M. Then unless (M, n*g) ^ (S n ,g s ), H3 Theorem A] implies 
that ir*u = const. > on M, and hence u = const. > on M. □ 

[5J4. Orbifold Yamabe constants/invariants. We define the orbifold Yam- 
abe constant Yj ff i b (M) of (M, [^Jorb) as follows: 



Y [9]oib (M) := inf 



Jm R a da a 



96[s] orb Volg(M) — 

Similarly to the case of smooth compact manifolds, we have Aubin's inequality 
-oo < Y [g]orb (M) < Y(S n ) (cf. (i ). Then we define the orbifold Yamabe 
invariant of M 

Y mh (M) := sup Y C {M) ( < Y(S n ) ). 

C6C" b (M) 

Now we state some technical facts without proofs. The following result also 
follows from the divergence theorem for orbifolds. 

4 

Lemma 2.5 For an orbifold metric g S [5] orb with g = u n ~ 2 g, then 

/ Rgda g — / (a n \du\ 2 g + R g u 2 ) da g , where a„ — > 0- 

J m Jm 
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We consider the Yamabe functional 

E g {u) _ Jm {a n \du\ 2 g + R g u 2 ) da g 

Wg\ U ) ■ „_2 n-2 

for any u £ C° (M) n C°° (M \ {p}) with u ^ and (^^jr^ue C°°(B r (0)). 

Remark 2.2 We recall that for a compact smooth manifold N of dim N > 3, 
any point q £ N and any metric /i € Hiem(N) , the Yamabe constant Yj^j (iV) 
satisfies 

lWiV) = inf Q h (u). 

The orbifold Yamabe constant has a similar property. 
Lemma 2.6 T/ie orbifold Yamabe constant Yj g ] orb (M) satisfies 

Y [gU b ( M ) = inf ■ 

l9|o,bV uecf (Af\{f>» y 

Here p is the singular point of M . 

[2J5. Approximation for orbifold metrics. At the singular point p £ 
U(d M), we prove the following approximation, which is an orbifold version 
of Kobayashi's approximation lemma ([201 Lemma 3.2]). This approximation 
is a crucial tool linking the orbifold Yamabe invariant to the corresponding 
ft-cylindrical Yamabe invariant. 

Proposition 2.7 Let g £ 72-iem (M) be an orbifold metric andg £ 72.iem(B T (0)) 
the lifting metric with g — (ip^ 1 o ir)* g on B r (0) \ {0} . Let y — (y , . . . , y n ) de- 
note normal coordinates with respect to g on an open neighborhood U (c B r (0)) 
of 0, and U p = {y £ U | dist§(0, y) = \y\ < p} for small p > 0. Then for any 
small S > there exists a metric gs £ 7?.iem orb (Af) such that: 

(1) gs — g on M \ Vg, where Vg — {q £ M | dist s (p, q) < 5}, 

(2) gs = (ip^ 1 oir)* gs is pointwise conformal to the flat metric X^iX^*) 2 on 
U s (5)(0)\{0} for a constant e(5) (0 < e(S) < S), where gs £ 7\Liem(B T (0)) 
denotes the corresponding lifting metric to gs, 

(3) gs — > g uniformly on M \ {p} and gs — > g uniformly on B r (0) as S — > 0, 

(4) R gs — > R g uniformly on M as 6 — > 0. 
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Proof. Let go = X)™=i( c ^y 1 ) 2 be the flat metric on U. Then 

g(y) = 9o(y) + 0(\y\ 2 ) on u. 

Since g is T-invariant, the exponential map (with respect to g) commutes with 
F, and hence the flat metric go and the distance function dist§(0, y) = \y \ from 
to y are also T-invariant. Moreover, (U, y — (y ,y n )) is a compatible 
local uniformization. We denote k := Rg(0), and consider the metric 

9~ fl-^-M 2 )" 2 'So on U. 

Then it follows that Rg(0) = k = R§(0). Now we use the cut-off function vug 
(given in |2L)p to construct the following approximation g$: 

gs := g + w s {r){g - g) on B T (0), r = \y\. 

Since jo(g) = joifl) an d Rg(®) = -R§ (0) , Kobayashi's approximation technique 
P71] implies that gs satisfies the above conditions (l)-(4) on B r (0). By the 
construction, the metrics g, g and the function w$ are T-invariant, and hence 
the metric gs is also T- invariant. This implies that there exists an orbifold 
metric gs £ 7?iem orb (M) such that gs — (ip -1 o ir)*gs- Then the metric gs 
satisfies the above conditions (l)-(4). □ 
The following lemma is an analogue of the case of smooth compact mani- 
folds (cf. jZIEOl). 

Lemma 2.8 Let gs, g £ 7?.iem orb (M) be metrics satisfying 

gs — > g and R gs — > R g uniformly on M as S — ► 0. 
Then Y [gs]otb (M) - Y [g]atb (M) as 5^0. 

[5J6. Orbifold and /i-cylindrical Yamabe invariants. We recall briefly the 
following: The open manifold M\{p} equipped with an appropriate cylindrical 
metric can be considered as a cylindrical manifold (see [3] or Section |3J). For a 
complete metric g £ lZiem(M\ {p}), the open manifold (M\ {p} ,g) is called a 
cylindrical manifold modeled by (5' TI_1 /r, hr) if there exist an open neighbor- 
hood V(d U) of p and a coordinate system (z, t) £ (5 n_1 /V) x [0, oo) = V\{p} 
such that 

g(z,t) = h r (z) +dt 2 on (S 71 ' 1 /T) x [l,oo). 
The cylindrical Yamabe constant Yjf ? (_M \ {p}) is defined by 

F!f(M\{p}):= inf Q g ( U ) ( < y(5") ). 
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Let TZiem hr - cye (M \ {p}) (c 7£iem(M \ {p})) be the space of cylindrical 
metrics modeled by (S n ~ 1 /Y, hr). Then the hr- cylindrical Yamabe invariant 
Y hr-cyt( M \ {p}) is also defined by 

Y h -^\M \ {p}) := sup Y*f(M\{p}) (<Y(S n )). 

gGKicm h r- c !/ f (j\/\{p}) 



Theorem 2.9 Let M be a compact orbifold with a singularity Sr = {(p,Y)}. 
Then Y mh (M) = Y^-^^M \ {p}). 

Theorem 12.91 and 3, Propositions 2.11, 2.12, 6.5] imply the following result. 

Corollary 2.10 Let M be a compact orbifold with singularities Sr = 
{(p 1 ,Tx),...,(p s ,T s )}. Then 

F orb (M) = yh v - c yl [M ^ ... ^ < j ^ _ 

i<j<* |r 3 -|» 

Proof of Theorem\EE First we prove that Y olh (M) < Y hT ~ cvt {M \ {p}). By 
Proposition ^. 71 and Lemma for any e > and any metric g £ 7^iem orb (M) 
there exists a metric <? £ <E 7?.iem orb (M) such that 

\Y l9 U b (M)-Y lgcUb (M)\<s, 

n 

((p~ 1 ow)*g £ ~ ^^^(rf^ 4 ) 2 : pointwise conformal near € B T (0). 

i=l 

Let g e € [<?]orb be a cylindrical metric on M \ {p} with g e (z, t) — hr(z) + dt 2 
on the end (5' n " 1 /L) x [1, oo) = V \ {p}- Then we use Lemma f2. 61 to show 

Yr„ 1 .(M) = inf QaJu)= inf Qs e (u) 

= Y^(M\{p})<Y h ^(M\{p}). 

This implies that Y olh (M) < Y hT ~ cyl {M \ {p}). 

Second we prove that Y" orb (A/) > Y hr ~ cyt (M\{p}). We start with an arbi- 
trary cylindrical metric g £ lZiem hr ~ cyi (M \ {p}) and a cylindrical coordinate 
system (z, t) £ (S 11 ^ 1 /Y) x [1, oo) = V \ {p} as above. 

Set r = e~\ then g(z,t) = r~ 2 (dr 2 +r 2 ■ h T {z)) on the cylinder (S^VH x 
[1, oo). Note that on (S^ 1 /Y) x [1, oo) the metric r 2 ■ g(z, t) = dr 2 + r 2 ■ h T (z) 
is fiat and is extended to a smooth metric go on M \ {p}. This implies that 
there exists a homeomorphism (p : U — ► Bf(0)/L for a constant f > such 
that 

(1) <p:(U\ {p}) -> (B f (0) \ {0})/L is a diffeomorphism, 
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(2) (<p 1 o ir)*g = J2i=i( d V i ) 2 > where y = {y 1 ,... 1 y n ) € U are normal 
coordinates around p with respect to go, 

(3) the diffcomorphism (p o tp^ 1 is lifted to a T-equi variant diffeomorphism 
$ : Bf (0) — + Bf (0) onto its image for a constant < f < r. 

In other words, (U , (p) is a compatible local uniformization, and the above 
metric go is an orbifold metric on M. ^From Lemma 12.61 we obtain that 

Yf 0nlh (M)= inf Q Q0 (u)= inf Qq(u) = Y, cye (M \ {p}). 
This implies that Y olh (M) > Y h ^ cyt {M \ {p}). □ 



3 L 2 -harmonic spinors and Yamabe invariant 

[5Jl. Modified scalar curvature. Throughout the rest of the paper, we con- 
sider only 4-manifolds. Let X be an open smooth 4-manifold with tame ends, 
i.e., it is diffeomorphic to WUz (Z x [0, oo)), where W(c X) is a compact sub- 
manifold of dim W = 4 with boundary dW ~Zx {0} (possibly disconnected) , 
see Fig. |3Jl. 

Zx{l} 

I 

1) o 

Z x [0, oo) 



Fig. 01 1. Cylindrical manifold (X,g). 

Let ftiem c ^(X) denote the space of all cylindrical metrics on X. We choose 
a cylindrical metric g S Hiem cye (X). In terms of JjjJ], (-^, g) is a cylindrical 4- 
manifold modeled by (Z, /i) for ft, G 7?.iem(Z) if there exists a product coordinate 
system (z, t) on the end Z x [0, oo) such that g[z, t) — h(z) + dt 2 on Z x [1, oo). 
Below we use the notation that docg = h. 

Let uj 6 fi 2 (X) be a 2-form. We denote by Lg = — 6Ag + Rg the conformal 
Laplacian of g. We define the modified conformal Laplacian L(g, w ) of (g,uj) by 

:= L 5 - |w| g = -6A g + {Rg - \uj\g). 

Note that the pointwise norm \u\g is only of C 1 ' class on X, in general. 

Fact 3.1 (cf. HU) Setg = u 2 -g for u e C<£{X). Then h s {f) = u~ 3 • h s {uf) 
forfeC 2 (X). 



Z x {0} 
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Definition 3.1 (Gursky-LeBrun [E3H1]) For § £ ftiem c ^(X), let g = u 2 -g be 
a conformal metric, where u £ C!±(X). We call the function R( g , w ) '■= R, 



the modified scalar curvature of (g, to) 



g~Mg 



Set % w) (/) := J x [6\df\g + ~ Ma)/ 2 ] da s for / £ hf{X), where Lf{X) 
denotes the Sobolev space of square-integrable functions on X (with respect 
to g) up to their first weak derivatives. Then we consider the functional 

Q(g,n(/) ■= E r { "n { ! ] for f£Ll< 2 (X) with/^0 
and the bottom of the spectrum of the operator L(g )W ) 
\ g ,u) ■= inf Q(s, w )(/)- 

^From now on we assume that the 2-form w has a compact support. 
Lemma 3.1 For g £ TZiem cy£ (X) and ui £ ft 2 (X) as above, \g lU ) > — oo. 
Proof. Indeed, \g tUJ ) > inf(i?g — > — oo since <? € 7?.iem C! ^ (X) and 

On the slice manifold (Z,h), we consider the almost conformal Laplacian 
C h := -6A h + R h (see 0). 

Convention 1. From now on we always assume that Ah := X(Ch) > 0, where 
X(£h) denotes the first eigenvalue of Ch- 



Remark 3.1 (J3 Section 2]) It is easy to see that the condition Rh > 
everywhere on Z provides a sufficient condition for Ah > 0. On the other 
hand, if A h < 0, then Y^/ t (X) < 0. Moreover, if A h < 0, then Y^f(X) = -oo. 



Lemma 3.2 Assume that X^^) < Xh- Then there exists a function u £ 
C+ a (X) n L]j ,2 (X) (for any < a < 1 ) such that h/g^u = X(g iU -\U. 

Proof. Consider the cylinder Z x [£, oo) with I > 1 and denote X(^) := 
W Uz (Z x [0, £]). Note that if there exists a constant £ > 1 satisfying 

AW := inf Q(^)(/) > A (g>£l)) , 

then the standard argument implies the existence of a non-zero minimizcr 
u £ C_^ a (X) D Lp' 2 (X) of the functional Q(§ )W ). Hence it is enough to prove 
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that X{£) > A/i for a constant £ > 1. We choose £ satisfying Supp(w) C X{t). 
Then i?g = R h and |w|g = on Z x [£, oo). Hence for any / e C£°(Z x [£, oo)), 



%<-)Ux[/ao)(/) = / {6\df\ 2 + (R- 9 -H S )f 2 )da s 

1 ' ; JZx[l,oo) 



/ dt / [6(9J) 2 + 6\V Z f\ 2 h + R h f] da h 
Jie.oo) Jz 



> [ dt (x h ■ [ fdat) >X h - f fda- g . □ 

J[£,oo) \ JZ J JZx[i,oo) 

The next lemma shows that we may always assume the condition of Lemma l3.2l 
without loss of generality. The technique below of changing the given metric 
conformally within a compact set is known as the conformal-rescaling argument 
(see also the proofs of 2 Theorem 3] and Proposition 7.3]). 

Lemma 3.3 There exists a metric g € [g] with g = g on X \ X(l) such that 
^(g,u) < ^h- In particular, g 6 TZiem cy (X). 

Proof. When Xtg tU) ) < 0, the inequality X/g tU ) < Xh is trivial. Hence we 
consider only the case when X/g^ > 0. We change the cylindrical metric g to 
another cylindrical metric g v = e 2v ■ g, where v € C°°(X) with 

k = const. > on W = X \ (Z x (0, oo)), 
on Z x [1, oo). 

In particular, h(g v ,u) = e~ 2fc ' on W. We choose k >> 1 sufficiently 

large. Then the Dirichlet first eigenvalue Xr-g tU ){W) on W satisfies that 
\g < Xh- Hence by the domain monotonicity of the Dirichlet eigen- 

values, we then obtain that Xtg viU ,\ < \g v ,v)(W) < Xh- To complete the proof, 
we let g = g v . □ 

Convention 2. From now on we always assume that X/g, w ) < Xh since 

Lemmas 13.21 13. 31 imply the following lemma, whose proof is similar to the case 
of compact smooth manifolds (see |14|1. 

Lemma 3.4 There exists afunctionu £ C 2 ^* (X)r\L^ 2 (X) (where < a < 1) 
such that for the metric g = u 2 ■ g 

> 

-^(g.w) { = everywhere on X. 
< 



Furthermore, these cases are mutually exclusive. 
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The next result follows from Proposition 7.1]. 

Fact 3.2 Let g,g G CD lZiem cye (X) be two cylindrical metrics which are 
pointwise conformal. Then sign(A(g^)) = sign(A(j iW )). 

Now for g G lZiem cye (X) , let [^1,2 (c [g]) denote the L g ' - conformal class of 
g consisting of all metrics u 2 ■ g, where u G C+(X) n L^ ,2 (X) (see [H]). Note 
that the L?-norm ||C||l? : = (fx ICI^CTg) 2 01 C <= ^ 2 (A) depends only on the 
conformal class [g], and hence set ||CIU 2 _ '■— HCIUf- Then, Fact 13.21 combined 
with the argument given in |14l Corollary 4] implies the following assertion. 

Proposition 3.5 Let g be a cylindrical metric on X , andoj G O^(X) as above. 
Then one of the following (1)— (3) holds: 

(1) There exists a metric g G [.9]l 12 su ch that R g > \u>\§ on X , 

(2) Y^{X) < ||u,||| 2 

(3) Y^ yl {X) — \\uj\\ L 2_ = 0, and there exists a metric g G [ff]^ 1 - 2 such that 
Rg = onX. 

|3j2. L 2 -harmonic 2-forms. Let (X,g) be a cylindrical 4-manifold modeled 
by (Z, h). A 2-form ( G f2 2 (X) is an L?-harmonic 2-form on X, i.e., C satisfies 

j d( = d*( = 0, 

{ ||Clllg:= J x ICIl^<oc. 

Here d* stands for the codifferential with respect to the metric g. We consider 
the space of L?-harmonic 2-forms 

H 2 {X) := {C G Q 2 (X) I C is L?-harmonic } . 
We recall the following well-known facts. 

Fact 3.3 (cf. JOI) Let £ G H g {X) be an L g -harmonic 2-form. Then the func- 
tion decays exponentially on Z x [0, 00). 

Fact 3.4 

(1) (Atiyah-Patodi-Singer [0]) There is an isomorphism: 

H 2 (X) = Im [H 2 (X;H) -> H 2 (X;IL)] , 
where H 2 (X;'R) denotes the second cohomology with compact support. 

(2) (Dodziuk 9') For any L^-harmonic 2-form £ G Tl^(X), there exists a 
sequence of closed 2-forms {Q} C Q 2 (X) such that 

[Cf] = [C] G H 2 (X k ,R), 

Q — ► C, in the L^' -topology on X for all k > as j — ► 00. 
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Recall that the Sobolev embedding L 3 S ' 2 {X) c C°> a (X) holds for all < a < 1. 
This implies that sup x \Q — Clg — > as j — » oo. Hence each closed 2-form 
is not harmonic but almost-harmonic for j >> 1 unless £ = 0. 

|3j3. L 2 -harmonic spinors. ^From now on we assume that (X, g) is an 
oriented cylindrical 4-manifold. An element a S H 2 (X;Zi) is a characteristic 
element if a = u>2(X) mod 2 (where W2(X) € H 2 (X; Z2) is the second Stiefel- 
Whitney class). We will identify a with its image in H 2 (X; R). Let Pz : Z x 
[1, 00) Z x {1} denote the canonical projection. We choose a characteristic 
element a S # 2 (X; Z) n Im [if 2 (X;R) -> ff 2 (X;R)] which is not a torsion 
class. Then there exists a Hermitian cylindrical C-line bundle L over X such 
that 

ci(L) = a, 

L|zx[i,oo) = ^zC-Uxfi})- 

Here ci(L) is the first Chern class of L. 

Let S^(a) :— Sq (g) L 1 / 2 denote the plus/minus spin bundle associated to 
L. Here Sq is the (virtual) plus/minus bundle. Then we have, as a Hermitian 
vector bundle, 

Sc( a )lzx[l,oo) = Pz($c( a )\zx{l})- 

^From 9, Theorem 2.7], there exists a unique L?-harmonic 2-form £ 6 Ti^(X) 
such that its cohomology class [£] = a £ H 2 (X;IL). In particular, from Fact 
001(2), there exists a sequence of closed 2-forms {Q} C tt 2 (X) such that 

[£■] = aeiJ 2 (X;R), 

Let -A(L) denote the space of [/(l)-connections on L. Then there exists a 
sequence of [/(l)-connections {A,} C A(\-) with compact support such that 



2tt j 2tt 

We also denote by Aj = 0a '■ r(S<t(a)) — > r(S (D (a)) the associated (twisted) 
Dirac operator. 

Assumption Al. ^,From now on we assume that, for a fixed cylindrical metric 
go € 1Ziem cyt (X) with doo<7o = h, 

L 2 -ind A, := dim c (L 2 -Ker/ A .) - dim c (L 2 xt -Ker ) > 0. 

Here L 2 -ind ^4 stands for the L 2 -index of 0a and L 2 xt -Ker A for the 

extended L 2 -kernel of the adjoint operator A . (cf. |SJ|H]). We emphasize that 
the above index is independent of j (cf . (HJ I25p . 
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Proposition 3.6 For any g £ Kiem cvt (X) with d^g = h, let a € H 2 (X; Z) 
be a non-torsion characteristic element and £ € Tt^(X) its L^-harmonic rep- 
resentative. Then, under the assumption Al, 

Y°f(X) < mm {l^v^+F, Y^ dt2] (Z x R)} . 

Here (a + ) 2 := J x \£ + \^do~g, and £ + £ TL^' + (X) stands for the self-dual part of 
£ with respect to g. 

Proof. Recall that Y^f(X) < Y?^ (Z x R) (see 0). Hence it is enough 
to show that Y^Mx) < 4 7 r A /2(a+) 2 . Set uj := 4 v / 2£/ ™ Proposition As 
we have seen, the form oj is not closed in general. We postpone the proof of 
the following assertion to the end of this section. 

Proposition 3.7 For any g e lZiem cye (X) with d^g = h, let a £ H 2 (X;Z) 
be a non-torsion characteristic element and C, £ Tl^(X) its L^-harmonic rep- 
resentative. Then, under the assumption Al, the following inequality holds: 

Y$ l {X) < ||W27rC+|| Li = 4tt Uj^j\lda^j ' for any j. (3.1) 
By taking j — > oo in |3.ip . Proposition 13 . 71 implies that 

This completes the proof of Proposition 13. 61 □ 

Assumption A2. We assume that b^iX) = 0. This implies that H.^ + (X) = 
Ti 2 {X) for any g £ ftiem c ^(X). 

Theorem 3.8 Let {X, g) be a cylindrical A-manifold modeled by (Z, h). Then, 
under the assumptions Al and A2, 

Y'^iX) < min{47rV2^, Yff^^Z x R)} . 

Proof. Let g £ lZicm cvt (X) be any cylindrical metric with doog — h. For 
the 2-forms £, Q an d the [/(l)-connections Aj as above, Fact 13.51 and As- 
sumption Al imply that L 2 -ind pAj,g > f° r an y 3- Then, Proposition 13.61 
and Assumption A2 give the inequality Kfj' (X) < 4iry/2(a + ) 2 — Airy/Za 2 . 
Therefore, Y h ~ c y l {X) < 4nV2aJ. □ 
Now we consider the following subspace of TZ\em(Z) 

■Riem*{Z) := {h £ Kicm(Z) \ \{L h ) > 0} ( C TZiem + (Z) ). 
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Fact 3.5 (cf. 8, 25 ) Let A £ A(L) be a U(l)- connection with compact support 
Supp(A) C X. Let h ~ h! be two metrics homotopic in lZiem*(Z). For any 
two cylindrical metrics g, g' £ TZ\em cyl (X) with d^g — h and d^g' — h' , then 
L 2 -ind a n = L 2 -ind . 



?A,g 

Then, Theorem 



7 A,g> 



combined with Fact 13.51 implies the following. 



Corollary 3.9 Let h! £ 7?iem*(Z) be a metric homotopic to h in 1Ziem*(Z). 
Then 

Y h'-cyl {x) < | 47r ^2 ; Y$l dt2] (Z 3 X R)} . 

|3j4. Behavior of L 2 -harmonic spinors on the cylindrical ends. Here 
we modify the Bochner techinque given in ^H], |H3 an d ISH] to our case. Let 
g £ 7Ziem cvl (X) be a cylindrical metric with doog — h and g = u 2 -g a conformal 
metric on X with u £ C+(X) n L g ' 2 (X). Then the Dirac operators 0A,g and 
0A.g on Sj(o) are related as follows (cf. [23 Proposition 2]): 



u 2 



>A,g 



(u 2 ip). 



For any tp £ Ker 0A,g, then we also obtain the harmonic spinor ip :- 



•tp £ 



Ker ,0a, g- Now let tp £ L?-Ker 0A,g be a non-zero L?-harmonic plus-spinor. 

Then tp := u~i ■ tp £ Ker 0A,g is a non-zero harmonic spinor with respect to 
(A, g), and hence the Bochner formula gives that 

o = J*lj> = -A A , s i> + \Ra$ + \f£ - tp. 

Here and below " • " and " • " stand for the Clifford multiplication corre- 
sponding to the metrics g and g, respectively. Then we have on X(£) = 
X\ (Z x (i,oo)) (for I > 1): 







x{t) 



-A A ,gi>,i>) + -Rg\ 



■tp,ip) 



da-„ 



X(l) 



|v^| 2 + i ^| 



da? 



> 



X{t) 



?A,g 



- ( II, 



{Vj'H^)da- g \ ax{i) (3.2) 



dX(t) 

2V2\F+\ g 



da„ 



7 A '9J, 



dX{l) 



tp\ ■ \lp\d0-g\dX(l) 
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Here v = u 1 is the outer unit normal vector field on dX(£) with respect to 
g. Since g — u 2 ■ <?, we have 

dt7g = U 4 d(7g, \tp\ = 

Then, for certain positive constants K, K', we have the estimate: 



(3.3) 



{(u-^u)^ + v£v - i Ej=i <*(«) [(f) •,%••] V 

< X • u-l (ti-^fttil • |V| + |v£'V| + u~ l \du\ g ■ 

< A-'-u-* (u-Ws ■ M + iVj'^l) , 

where {ei = Jj, e^, e^j is a local orthonormal frame on dX{£) with respect 
to g. We use Q3.3JI to obtain that 



V£' 9 i>\ ■ \ip\da g \ dX (i) 



dX(£) 

< K 



dX(t) 



(unduly • |V| + |v£fy|) u-i|^| U 4 d^| axw (3.4) 



_ /v / (tt-^dulg • |Vf + IV^'VI • M J da- g \ dx{e) 



Lemma 3.10 Let u S C^°(X) n L g (X) be a function satisfying Lq^, 
^(g,w) u on Z x [£q, oo) /or a /ixed £o > 1. TTiera 



B, := 



(u-^dulg • | Vf + \V& 9 1>\ ■ M) fcglexf/) ^ as £ 



1 • 2 V / 2F+ and let u be 

2 



Proof of Proposition \3.7\ Set w := 4\/27rC+ = 

the same function as in Lemma |3.4I Suppose that the C 2,Q -metric g = W ■ g 
satisfies that R g > \ui\ g . Perturbing u on a compact set, we may assume that 
u is smooth and that R g > \u>\ g - Then, the inequality (|3.2() combined with the 
estimate H3.4(l and Lemma 13 . 1 01 implies that 



> 



/ [|V^| 2 + i( J R g -2V2|F+| i 



da„ 



(3.5) 



Hence the condition R g > \uj\ g = 2y/2\F^. \ g contradicts the inequality l|3.5|l 



Finally, from Proposition Y$ e (X) < \\2V2F^\\ L 2 = \\A^/2-KC,f\\ Ll . □ 
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Now we have to prove Lemma I3.1UI There are two independent tasks here 
to deal with, i.e., the decay of the function u and the pointwise norms \ip\, 
|V a '^|. The spinor norms are taken care by the following result. 

Fact 3.6 ( 5 ) Let ip be an L^-harmonic spinor as above. Then the pointwise 
norms \tp\, |Vg'^Vl decay exponentially on the cylinder Z x [l,oo). 

To complete the proof of Lemma \'S. 101 we need the following technical result. 

Lemma 3.11 There exists a positive constant K such that u \du\g < K on 
the cylinder Z x [1, oo). 

Proof of Lemma \3.1(A By Fact 13.61 and Lemma \'3. Ill there exist positive con- 
stants K±, K2, K and k such that 

B e < Kt-VoUZ) (K 2 ■ \^\ 2 + IV^'VI • iV'j) <K-e~^ -» 

as £ — ► 00. □ 

Proof of Lemma VS.llX Recall that the support Supp(w) (c X) is compact. 
Hence there exists £\ (> £0) such that the restriction of w is zero on the cylinder 
Zx [£\ — 1, 00). In particular, the operator L(g ^) = on Zx — 1, 00). Recall 
that Xh and \(g iW ) denote respectively the first eigenvalue of the operator Ch 
and the bottom of the spectrum of L^ itl) ). Then, we consider the following 
operator Lh on Z 

Lh '■= — 6A/, + (R]- L — A(g w )) = Ch — A(g !(i) ). 

Let {(/ij, <fj)} be the eigenvalues and eigenfunctions of Lh, i.e., 

L h ipj = HjLpj with / ifj ■ (pkdah = 5jk for j, fc = l,2,..., 

and [ii < /i2 < ^3 < • • • • Here we may assume that tpi > on Z. Since 
A/i > A(g w ), we obtain that [i\ > 0. 

Let (z,t) E Z x [£1,00) be a product coordinate system associated to g. 
Note that = ~6-<9 t 2 +Ch on Zx [lx, 00). Then on the cylinder Zx 00), 

(L (a ^-A & ^)(e-V^^ i (2)) = L fc (e-V^Vi(«))-6-^(e-V^-V i («)) 

= Mj • (e-V^'ViW) ~ • (e-^'ViW) = 0. 

Hence L te ^)(e"V^ 'VjC*)) = -\«/^) • 'Vi(z) on Z x [£1,00). Then 

the function u £ C^°(X)ni^' 2 (X) restricted on Z x 00) can be represented 
as 

E,->i«»i < °°- 
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We set fi := /i JO = min{/ij | cij ^ 0} and Vj :— y^fJ-j/G — \/ m/6 > for fj,j > (i. 
Let k + 1 (> 1) be the multiplicity of the jo-th eigenvalue. Then 

u(z,t) = e-V^'' a J0 ^ (z) + --- + a JO+fc ^ JO+fe (z)+ ^a r e"^'Vj(^) j • 

\ /4>M / 

It then follows that there exists a positive constant K such that 
|<9 t u| < K ■ e'Vi^ •t j |V z uU<if -e-v^e-t _ 
This implies the estimate 

|*4 < K ■ e"V^ (3.6) 

for a constant ^ > 0. Now we set v(z) := aj ipj (z) + • • • + ajg+k^jo+kiz)- 
Here we need the following fact. 

Claim 3.12 With the above understood, then 

H = Hi is the first eigenvalue of Lh, 
v(z) = aiifi(z) > on Z . 

Proof. Note that if there exists zq € Z such that v(zq) < 0, then u(zq, t) < 
for sufficiently large t >> l\. This contradicts the positivity of u everywhere 
on X. Hence v(z) > and v(z) ^ on Z. Now suppose that /i is not 
the first eigenvalue. Note that the function v(z) itself is an eigenfunction 
corresponding to /x. The condition ji ^ Hi implies that J z (fii(z) ■ v(z)do~h = 0, 
which contradicts that (fii(z) > 0, v(z) > and v(z) ^ on Z. Therefore, 

M = Mi' D 

Note that Claim l3~T2l implies the estimate 

< R- 1 ■ e -V^ '* < u (z,t) < K- e-^f^ '* (3.7) 

on Z x [£i, oo) for a constant if > 0. Then the estimates (|3.6|) and (|3.7|l imply 
that M _1 |dw|g < if on X for a constant K > 0. This completes the proof of 
Lemma f3. Ill □ 



4 Examples 

Let CP 2 denote the complex projective plane. In [22| (cf. d]), LeBrun proved 
that F(CP 2 ) = 12\/27r(< 8V^tt = Y(S 4 )), and that F(CP 2 ) is achieved by a 
conformal class C if and only if C coincides with the pullback $*[(?fs] of the 
conformal class [qfs] by a diffeomorphism <f>. Here gps denotes the Fubini- 
Study metric on CP 2 . In this section, we give some estimates of Y h ~ cyt (X) 
for particular cylindrical 4-manifolds X, which are generalizations of part of 
the above result. 
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QJl. Example 1. Let denote by L — * CP 1 the anti-canonical C-line bundle 
over the complex projective line CP 1 and by Lg := L® e — > CP 1 the C-line 
bundle of degree £ > 1. Then we choose a Hermitian metric H on the bundle 
Lg, and consider the disk and the circle bundles of Lg: 

D e := D{U) = {v € L e \ H(v,v) < 1} , 
Z t := S(Li) = dD(L e ) = S 3 /Tg = L(£,l). 

Here Tg = Z/£Z C {£ G C | |£| = 1} with the generator & = e 211 ^ and the 
group acts on the sphere S" 3 = 5* 3 (1) C C 2 by (to 1 , to 2 ) i-> (^•to 1 ,^-tw 2 ). We 
also denote by X| the total space of Lf. We consider Xg as an open 4-manifold 
with a tame end: 

Xg S Z^U^ (Z< x [0,oo)). 
First we note some necessary facts. 
Fact 4.1 

(1) When £ — I, then X\ is diffeomorphic to CP 2 \ {q}, and hence X\ is an 
open A-manifold with tame end S 3 x [0,oo), where q is a point in CP 2 . 
When £ > 2, then the one-point compactification Mg := Xg U {poo} has a 
natural orbifold structure with Sr = {(poo,r*)}- 

(2) (cf. 25, Example 4.1.27]) There exists a cylindrical metric go £ 
1Z\em cyl (Xg) with dc^g® — hr e £ IZiem(Zg) such that Rg > on Xg. 

(3) H 2 (Xg; Z) n Im [H 2 {Xg; R) -► H 2 {Xg; R)] = Z, and b^(Xg) = for an 
appropriate orientation of Xg . 

/From 3, Lemma 2.14], we note that Y hs ~ c y l (X 1 ) = Y(CP 2 ), where h s 
I - g lZiem(S 3 ) denotes the standard metric of constant curvature one. With 
these understood, we prove the following more general result. 

Theorem 4.1 
(1) 

< Y h ~^{X e ) < min + 2)^| n, Y^ dt2] {Zg x R)| 

for £ > 1 and any metric h £ IZiem* (Zg) homotopic to hr e in IZiem* (Zg). 
(2) For any metric h S JZiem(Zg) which is sufficiently C 2 -close to hr e , 

ns Y h-cyl (x , < f 12V2^ = F(CP 2 ) if 1=1, 

In particular, < Y olh (Mg) = Y hr t~ cye (Xg) < 8,/f it for £> 2. 
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Remark 4.1 We note the following: 

(1) The inequality 4(£ + 2)y / f tt < 8V&n ( = Y(S 4 ) ) holds only if 1 < i < 7. 

(2) Let M be a closed 4-manifold. For any I > 2 and a positive integer k, 
then Y mh (M#kM e ) < 8^ it. 

(3) If we replace X\ = CP 2 \ {q} by CP 2 \ {qi, . . . ,q s }, a similar result still 
holds for CP 2 \ {(?!,..., q s }. 

(4) Unfortunately, the estimate Y h ~ cyl {X) < AttV^o 2 in TheorcmElis not 
effective for X = X t (£ > 2) and h = h Tl since 4(£ + 2)^/|tt > 8^1^ 
for £ > 2. 



Proof of Theorem \4-l\ For £ > 1, let ft, S 7?.iem*(^) be a metric which 
is homotopic to hy t in H\em*(Zi). By Fact 14. it - (2). it is easy to construct a 
cylindrical metric g on X satisfying Rg > on -X^(l) = \ (Z^ x (l,oo)), 
g = h + dt 2 on Z £ x [2, oo) and [g] = [h + dt 2 ] on Z e x [1, oo). Then, from 
Proposition 4.6, Theorem 4.7], we also obtain that 

Y^f(X i )>min{Y 1 ,Y 2 }>0, 

and hence y'^pQ) > 0. Here Y x = Y^^X^Y), dX t (l); [g\ax e (i)}) > 
denotes the relative Yamabe constant of (JQ(1), dXg(l); [g\x e (i)]) (see [Q) and 

Y2 = Y^^ZeX [l,oo),Z,x{l};[sU <x{1} ]) 

denotes the relative cylindrical Yamabe constant of (Z^ x [1, oo), x {1} ; [h + 
dt 2 ]) (see Section 4.1]), respectively. ;From Theorem l3~8l Corollary 13.91 and 
Fact 14. U P), in order to prove the assertion (1), it is enough to show that there 
exists a characteristic element a € H 2 (Xg; Z) n Im [H 2 (Xg;R) — > i? 2 (Y^;R)] 
satisfying the assumption Al for the cylindrical metric go € 7?.iem cy£ (Y^) in 

Fact ET}(2) and a 2 = ^±f-. 

Note that Xg has a natural complex structure. Then let 

a G H 2 (X e ; Z) n Im [H 2 (X e ; R) -> tf 2 (Y £ ; R)] = Z 

be the generator satisfying ci(X^) = + 2)ao, and set a := (£ + 2)ao. It is 
easy to see that a = W2(Xg) mod 2. Then, there exist the L? Q -harmonic 2-form 

C G H^ (Xg) — H^iXe) and a sequence of closed 2-forms {Q} C Vl 2 {Xg) such 
that 

( [G] = [C]=aeff 2 (^;Z), 

1 — * C m -topology for any k > 1. 
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Now we consider the determinant C-line bundle det(a) and the associated 
plus/minus spin bundle S£(a) = S£ det(a) 1 / 2 . Then we may assume that, 
as Hermitian vector bundles, 

det(o)| ZiX[li00 )=P|/det(a)|^ x{1} ), S^a)\ ZtX[lt0o) = P Ze ( S c( a )\z e x{i}), 

where Pz e : Zi x [1, oo) — > Zi x {1} denotes the canonical projection. Moreover, 
there exist ?7(l)-connections Aj E A(det(a)) with compact support such that 
*^-F Aj = ^^-dAj = Q. Now we denote by 



M, := 



^ Jo :r(S+(a))^r(Sc(a)) 



the corresponding twisted Dirac operator. Recall that <9oo5o = € IZiem(Zi), 
and hence A(£/, r ) > 0. Then the Hirzebruch signature formula (cf. |23 Ex- 
ample 4.1.9]) combined with X(Ch r ) > gives 

L 2 -ind Aj = dime (£ 2 -Kcr A] - ga ) - dim c (L^-Ker A . Jo ) 

= I /*, c Mi) a Cl (^) - i/ x< |pi(vso) - \ v {h Tl ). 

Here r/(hr e ) stands for the eta invariant of the Dirac operator 

(m) ' ${z t ,h Vt ) ■ r ( s cUix{i}) — > r (Sclz lX {i}) 

and p{z t ,hY ) the spin Dirac operator on (^ = x {1} , /ir f ), respectively. 

Claim 4.2 L 2 -ind Aj = 1- 
Proof. Indeed, we have 

J XfCl (i 3 )A Cl (A 3 ) = ^f and 

/jc 4 ^i( v5 °) = T (^) + %ign(^r f ) = 1 + %ig n (/irj, 

where r] s i gn (hr e ) is the signature defect (see [5] or j25J (4.1.34)]). Note that 

4-J?(/irJ+»? B ign(/irJ = -^f^- + £-l (see EU or Example 4.1.27]). Then 
we have 

L 2 -ind Aj = \ - 1 - (4 ■ n(hr t ) + %i gJ1 (/*rJ) 

= ^ (£ 2 + A£ + A-A£ + A-£ 2 ) = 1. □ 

We also note that a 2 = J x £ A C = by the choice of a. This completes 

the proof of the assertion (1). 

By the Remark after Proposition 6.5], 
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/From the continuity of Yamabe constants [Jj, Proposition 3.4], Remark 4.1- (4), 
and that Y^ +dt2] (S 3 x R) = Y(S 4 ) = 8\/67r > 12V2vr, we obtain that 



Y h - cvi (X e ) < 



UV^TT = Y(CP 2 ) if £ = 1, 



for any metric h € IZiem(Ze) which is sufficiently C 2 -close to hr t - This com- 
pletes the proof of the assertion (2). □ 

Corollary 4.3 (cf. [H Theorem B]) Set Xt, k ,m = ^#fcCP 2 #m(5 1 x S 3 ). 
For any integers I > 1 and k, m > 0, 

< Y h -^(X ltKm ) < min ^ 2{k + r^ 2] (Z, x R)| (4.1) 

/or any metric h 6 7?.iem*(^) homotopic to hr, in TZiem* (Z e) . 



Remark 4.2 We note that 4ttv/ 2(fc + < i^S 4 ) = 8V6vr if fc < 

12- 1^1! < 4. 

Proof of Corollary \4-3\ There exists a metric g € 7£iem CJ, ^(X£ t k,m) such 
that i?g > and d^g = ft.r r Then, similarly to the case of Xi, we obtain 
that Y h ~ cyi (Xg y k,m) > for any metric h e TZiem*(Ze) homotopic to hr e in 
lZiem*(Z e ). Note that 

n 2 s ' + (x e ^ m ) n H 2 (x e< k, m ; z) = w|(x Afc , m ) n H 2 {x e ^ m ; z) 

= n H 2 (X £ ; Z)) © ff 2 (CP 2 ; Z)® fc ^Zffi Z® fe . 

Then we choose a = (a, 1, • • • , 1) G Z © Z ffi,c . Similarly to the case of X^, 
we also obtain that L 2 -ind flx = 1, where denotes the corresponding 
Dirac operator on Sq(5) (see the argument given in |14|). Note that 2ct 2 = 

2 ( fc + (e+ p 2 J , and hence Theorem 1331 implies the estimate <|4~TJ) . □ 



QJ2. Example 2. Let consider the open 4-manifold S 2 x R 2 with tame end 
{S 2 x S 1 ) x [0, oo) and the connected sum X = CP 2 ^ 2 x R 2 ). We first note 
that 

H 2 {X;Z) nim [H 2 {X;TL) -> iJ 2 (X;R)] = H 2 (CP 2 ;Z) = Z. 

Let ho — hg + dr 2 denote a product metric on S 2 x S 1 , where hg denotes the 
standard metric on S 2 of constant curvature one. Similarly to Theorem 14.11 
we also obtain the following. 
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Proposition 4.4 With the above understood, 

< Y h -cy*(X) < min{l2V27r, Y^ dt2] ((S 2 x S 1 ) x R)} 

for any metric h £ lZiem*(S 2 x S 1 ) homotopic to ho in IZiem* (S 2 x S 1 ). 

Remark 4.3 It is not clear for us whether a metric h S 7Ziem*(S 2 x S 1 ) 
homotopic to ho in 7?.iem*(S' 2 x S 1 ) satisfies the inequality 

Y [h+^](( S2 >< Sl ) >< R ) > 12V27T ( = F(CP 2 ) ). 

Let h r — hs + At 2 denote the standard product metric on S 2 x S' 1 (r), where 
5' 1 (r) stands for the circle of radius r > 0. Then we note that (cf. \'27\) 

< >k, +9 o](S 2 x R 2 ) = Urn Y^ +dt2] {S 2 x S 1 x R), 

where go denotes the Euclidean metric on R 2 and 

Y [hs+go] (S 2 x R 2 ) : = ^ c M 2 ^Q hs+go (u) 

(cf. EOD- K Y [hs+go] (S 2 x R 2 ) > 12\/27r, then the estimate Y h -~ c y e (X) < 
12V2tt ( coming from Theorem 13.8(1 is effective for sufficiently large r > 0. 
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